
Numerical studies of quantum conduction through a junction 
of wide-narrow geometry 

S. Nonoyama, K. Ishibashi, Y. Aoyagi, and S. Namba 
Quantum Material Research Laboratory, Frontier Research Program, The Institute of Physical 
and Chemical Research, 2-1, Hirosawa, Wake-shi, Saitama 351-01, Japan 

(Received 1 August 1991; accepted for publication 25 October 1991) 

The conductance of the wide-narrow geometry in the ballistic transport regime has been 
calculated by numerical scattering matrix methods. The oscillations of the conductance as a 
function of the width of the wide region relative to that of the narrow region was 
found. The period of oscillation corresponds to twice the width, where a new subband is 
generated as the width of the wide region is increased. The amplitude of the oscillation 
decreases with an increase in the width of the wide region: The effects of contact 
potential at a junction are also discussed. 

Many novel quantum interference effects have been ob- 
served in mesoscopic systems of GaAs/AlGaAs 
heterostructures’ made by crystal growth and nanolitho- 
graphy. In these systems, the quantum mechanical nature 
of electrons plays an important role’*3 since the dimensions 
of the system are comparable to the wavelength of the 
electrons. The scattering matrix method is ideal for treat- 
ing quantum conductance through a ballistic 
constriction.435 Frohne and Datta presented a general nu- 
merical method using a scattering matrix in order to study 
electron transfer between regions with different confining 
potentials.6 They have obtained reflection coefficients in the 
regions of different subband structures by assuming an 
abrupt potential change. Szafer and Stone have calculated 
quantized conductance in wide-narrow (WN) and wide- 
narrow-wide (WNW) geometries.’ Using recursive 
Green’s function methods, they calculated a conductance 
as a function of Fermi wave vector at finite temperature. 

In the present study we have calculated the conduc- 
tance as a function of the width of the wide region in the 
WN geometry using the Landauer formula with the calcu- 
lated transmission matrix. First, we consider an abrupt 
wide-narrow junction confined by an infinite potential bar- 
rier without screening potentials. The wave function of an 
electron in subband n for the quasi-one-dimensional system 
having width a can be written as follows: 

*= iexp(iks) sin 7 ) 
J ( 1 

where n and the wave vector k are related to the Fermi 
energy EF by the dispersion relation 
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The incidence of an electron in a particular subband on the 
junction from the wide region causes reflected waves in the 
wide region and transmitted waves in the narrow region in 
all subbands. Evanescent modes are also included in trans- 
mitted and reflected waves. Accordingly, the wave func- 
tions in the wide and the narrow regions are expressed as 

lClwide= $[ exp(ikg) sin(F) 
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where a and b are the width of the wire in the wide and the 
narrow regions, respectively. The junction is divided into N 
regions uniformly. We require that wave functions and 
their derivatives should be continuous in each region, 
which are written in matrix notation as 

‘All 0 - -4- 
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A31 A32 T = - B, . (5) 
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The matrix elements of A, and Bii are given by 

(All>~,=fU,m,a), 1=1,2,..., 
N(a-b) 
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FIG. 1. Normalized conductance calculated without contact potential vs 
width of the wide region. The width of the narrow region is 100 A. 

FIG. 2. Normalized conductance calculated with contact potential vs 
width of the wide region.. The width of the narrow region is 100 A. 
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carry it out in this study. The quasi-one-dimensional den- 
sity of state is as follows: 

where 

We check the numerical stability of the equation by mon- 
itoring the unitarity constraint 

k,= c I&,n12k,-i- c lLn12kin~ 
m m 

Convergence is reached by taking N> 100. At zero tem- 
perature, the normalized conductance g of two-dimen- 
sional wire is deduced from the Landauer formula’ 

G=$Tr(F?) =g 2 zTn,,,c,,,=Tge 
nm n 
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The calculated result of the normalized conductance g is 
shown in Fig. 1. The oscillative structure of conductance is 
clearly observed, where the period of the oscillation is 
2h/ ,/sm*E, It should be noted that the maximum occurs 
every time the new channel with a wave function of even 
parity opens, while the minimum occurs when the new 
channel of odd parity opens. Furthermore, the maximum is 
a singular point, but the minimum is smooth. Hence, the 
form of the conductance curve is related to the parities of 
the wave functions in the narrow and the wide regions. 
These particular effects are due to the fact that only one 
subband is occupied by electrons in the narrow region. 
Since the parity of the wave function in the narrow region 
is even, conductance has a peak value when the new chan- 
nel with the even parity opens. 

Next, we calculated conductance of a wire having WN 
geometry by assuming an abrupt potential change at the 
junction. The potential change occurs because of the dif- 
ference of the conduction-band edge in wide and narrow 
regions. Although the two-dimensional conduction-band 
profile should be calculated from a self-consistent solution 
of the Poisson and Schrodinger equations,’ we did not 

n(E)= ;k J E-(n~,~a”m*)’ (8) 

The Fermi level in each region is calculated by the carrier 
density which is set to be 2X 1015/m2 in all regions of the 
wire. The contact potential is determined by the alignment 
of the Fermi levels at the junction. Figure 2 shows the 
normalized conductance as a function of the width of the 
wide region. The amplitude of the oscillation is smaller 
than that of the conductance curve calculated without the 
contact potential, although singularities also appear in the 
curve. Moreover, the conductance gradually decreases as 
wide region width increases. This decrease in conductance 
is attributable to an increase in the contact potential as 
wide region width increases. The probability for the reflec- 
tion by the scattering of electron in the junction increases 
as the abrupt contact potential increases. 

We consider that the width of the wide region can be 
changed by a change in the width of the depletion layer. 
Hence, calculated results in the present study may be com- 
pared with experiments in which the width of the depletion 
layer of the wide region is controlled by electric fields. In 
practice, the potential profile at the junction is smoothed 
by the screening effects of electrons in the two-dimensional 
system. Therefore, the actual behavior of conductance is 
thought to be intermediate between that of an abrupt po- 
tential change and that of no potentials. 

In conclusion, the first numerical calculations of the 
conductance as a function of the wide region width in WN 
geometry have been presented. The parity of the wave 
function in each region affects the behavior of the conduc- 
tance curve. 
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