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A numerical method is described for the calculation of the conductance through a region where obstacles are
placed in a quasi-one-dimensional quantum wire in a magnetic field. Using this method, we have studied the
commensurability problem between a periodic potential and a magnetic field, laying stress on the interference
effects of the electron waves on transport properties. Numerical calculations are performed for a rectangular
antidot superlattice and a periodic double-parallel point contacts array. In the extreme quantum regime where
a few Landau levels are filled, the Aharanov-Bohm type conductance oscillation appears clearly. In the case of
the rectangular antidot lattice, it has been found that the conductivity has a characteristic structure due to the
commensurability between the cyclotron radius and the period of the antidots.@S0163-1829~96!07524-8#

I. INTRODUCTION

With advanced nanofabrication technology and the
growth of high-mobility GaAs-AlxGa12xAs heterostructures,
it becomes possible to make a lateral surface superlattice
with period of the order of 100 nm. In these small two-
dimensional systems, the motion of electrons subject to a
magnetic fieldB and a periodic potential simultaneously
brings about many interesting problems, such as the com-
mensurability problem. The commensurability appearing in a
lateral superlattice results from the interplay between the
competing length scales, for example, the magnetic length
l B5(\/eB)1/2, the period of superlattice, and the Fermi
wavelengthlF . In a weak magnetic field the commensura-
bility between the period of superlattice and the classical
cyclotron radius gives rise to a magnetoresistance oscillation,
the Weiss oscillation,1 periodic inB21, which is known to
be understood through a classical picture. Furthermore, in a
higher field, the oscillation being periodic inB is observed in
these systems.2,3 This AB-type oscillation is also reported in
various different small structures, for example, multiple con-
nected rings4 and series,5 double-parallel,6 and
multiple-parallel7 point contacts. In the experiments of mul-
tiple point contact systems, point contacts are placed within
the electron mean free path adjacent to each other.

In this study, we investigate the classical commensurabil-
ity problem and the interference of the phase-shifted wave
function for the periodic systems in a magnetic field. Usu-
ally, experiments on transport phenomena are carried out in a
strip geometry with finite width, where edge states located
near the boundary are known to play an essential role. In this
quasi-one-dimensional geometry, where well-defined sub-
bands are present, the electron transport is dominated by
edge states and is comprehended through a picture of a trans-
mission and reflection of electrons in the edge states. We,
therefore, study the commensurability problem, giving em-
phasis to the commensurability between the orbit of edge
electrons and the period of potentials, particularly. In this
work, we consider a periodic antidot array and a periodic

double-parallel point contact array in quantum wires.
There are several numerical methods, for instance, the

transfer matrix method8 and the recursive Green’s function
method,9–11 for the study of the quasi-one-dimensional lat-
tice with various structures of the sample attached by ideal
lead wires on each side in magnetic fields. In a previous
paper,12 we showed another method to study the electron
conduction through a region containing a small number of
impurities for the quasi-one-dimensional system by solving
the Lippmann-Schwinger equation numerically in the ab-
sence of magnetic fields. Using this method, we studied the
interference effects of electron waves around slits which lie
between impurity barriers. In the present study, we extend
this method to the case in a magnetic field, and investigate
the quantum transport in the periodic potential system.

In Sec. II, we describe the details of the model and the
method used in our calculations and the definition of the
Green’s function for the quasi-one-dimensional system. The
transmission and reflection probabilities for the quasi-one-
dimensional system are expressed explicitly. The results of
the numerical calculation for the antidot lattice and the peri-
odic double-parallel point contact array are shown in Sec. III,
and then the interference effects on the transport properties
are analyzed in the presence of magnetic fields. In this sec-
tion, the commensurability problem is also discussed. Sec-
tion V deals with a brief summary and discussion.

II. MODEL AND METHOD

We consider a quasi-one-dimensional quantum wire hav-
ing electrons confined along they direction but free to move
along thex direction as shown in Fig. 1. In the presence of
a magnetic fieldB perpendicular to the system, the tight-
binding Hamiltonian is written as

H5H01V, ~1!
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wherecn,m,s is the annihilation operator of the electron at the
lattice site (n,m) and the spins. The quantitiest (. 0!,
um, and vn,m are the hopping integral between the nearest
neighbors, the confinement potential in they direction, and
the scattering potential of the scatterers such as antidots, re-
spectively. The Peierls phase factorP(m) is given by

P~m!5expH 2p iB̃Sm2
M11

2 D J , ~4!

where B̃5Ba2/f0 , with a being the lattice constant and
f0 being the magnetic flux quantumh/e. We regard the
partH0 as the unperturbed Hamiltonian with the translational

symmetry in thex direction and the partV as the perturba-
tion term. Then, the normalized eigenfunction forH0 can
be written as

u l ,k&5(
n

(
m51

M

a l ,m~k!exp~ ikan!un,m& ~1< l<M !,

~5!

wherel is the mode of the subband,k is the wave vector in
the x direction, andun,m& is an atomic orbital at the site
(n,m). The eigenvaluee l(k)„e1(k),e2(k),•••,eM(k)…
anda l ,m(k), which can be chosen to be real, are obtained by
solving the following equations:

$22tcos~ka1u1!1u1%a l ,1~k!2ta l ,2~k!5ea l ,1~k!, ~6a!

2ta l ,m21~k!1$22tcos~ka1um!1um%a l ,m~k!2ta l ,m11~k!5ea l ,m~k! ~2<m<M21!, ~6b!

2ta l ,M21~k!1$22tcos~ka1uM !1uM%a l ,M~k!5ea l ,M~k!, ~6c!

whereum5pB̃(2m2M21). Now we evaluate the wave functionuc& for the HamiltonianH in the case where the electron
wave with model and wave vectorkin is incident from region I into region II~see Fig. 1!. Following the Lippmann-
Schwinger equation, the wave functionuc& can be expressed by
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wheree is the energy of the wave functionuc& and given bye5e l(kin). The Green’s function forH0 is obtained by
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wheree l8(k) is the differential coefficient with respect tok andk l ,n (n51,2, . . . ,nl) are the poles above the real axis of the
complex plane. These poles can be calculated bye1 i02e l(k)50 and2a/p< Re@k#,a/p. When there is no solution for
this equation, we considernl50. The total number of the poles above the real axis( lnl , however, equalsM . Note that the
contribution from the poles ofa l ,m(k) disappears in Eq.~9! due to the cancellation of those contributions by each other when
the summation forl is calculated. Here, we mention the numerical calculation briefly. When the number of lattice sites where
the scattering potential exists in region II equalsQ (vnq ,mq

Þ0, q51,2, . . . ,Q), Eq. ~7! reduces the linear equations for

^nq ,mquc& (q51,2, . . . ,Q).12

FIG. 1. Schematic illustration of the system. The impurities ex-
ist only in region II. The parametersM andN are the lattice num-
bers for they direction of the wire and for thex direction of region
II, respectively.
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Now, we calculate the transmission and reflection probabilities. From Eqs.~7!–~9! the transmission and reflection prob-
ability amplitudes from model and wave vectorkin to j andk j ,n can be expressed as

T~ l ,kin ; j ,k j ,n!5d~ l ,kin ; j ,k j ,n!1S 2
ai

e j8~k j ,n! D (q51

Q

a j ,mq
~k j ,n!exp~2 ik j ,nnqa!vnq ,mq

^nq ,mquc&, ~10!

R~ l ,kin ; j ,2k j ,n!5S ai

e j8~2k j ,n! D (q51

Q

a j ,mq
~2k j ,n!exp~ ik j ,nnqa!vnq ,mq

^nq ,mquc&, ~11!

respectively, whered( l ,k; j ,k)51(50) for l5 j and k5k
~otherwise!. With the use of these quantities, we can calcu-
late the conductance by using Landauer’s formula.13,14 For
simplicity, we consider the case whereum54t and
vnq ,mq

5v (vn,m50 on sites where the scatteres are not in-
troduced! in the following calculation.

III. TWO-TERMINAL CONDUCTANCE

A. Rectangular antidot lattice

Now, we discuss the electron conduction through a region
where antidots are present. We consider two cases of elec-
tron conduction; one is the case where a rectangular antidot
superlattice is present, and the other is the case where anti-
dots are aligned to form a periodic double-parallel quantum
point contact array~a periodic double-parallel slit system!.

First, we discuss transport phenomena through a rectan-
gular antidot superlattice. We consider an antidot lattice de-
fined in a finite region of the wire with a widthM541. Each
antidot is modeled by possessing a strong potential, i.e.,
v51000t. The period of the antidot lattice is 7 or 14 in the

x andy directions, and antidots are not present on the edges
of the wire in this case. Hence, the finite region~region II!
contains two or five horizontal antidot rows~the direction of
which is parallel to thex axis! arranged with regular spac-
ings along they axis. Figure 2 gives the example of calcu-
latedDG5G02G for EF50.4t, whereG andG0 are the
conductance of the wire with and without antidot lattices,
and (x3y) periods of antidot lattice are~a! (14314), ~b!
(7314), ~c! (1437), and ~d! (737). In each case, the
number of the antidots is 100, so that the (737) and
(1437) lattices have 20 vertical antidot rows~the direction
of which is parallel to they axis! and the (7314) and
(14314) lattices have 50 vertical antidot rows in region II.
As can be seen in Fig. 2, aboutB̃50.047, there is a sharp
peak inDG for the (737) and (1437) lattices, while there
is no peak for the (7314) and (14314) lattices. In these
cases, for the (7314) and (14314) lattices, magnetic fields
are strong enough that the extension of the wave function of
the edge state~which is considered to be the extent of mag-
netic length,l B'2a) is much smaller than the distance be-
tween the boundary of the wire and the nearest horizontal
antidot row from the boundary. Therefore, electrons in edge
states in these cases hardly feel the presence of the potential
of the antidot lattice. Figure 3 shows the contour map of the
modulus squared of the wave function around region II at

B̃50.047 for the antidot lattice of (1437) period@see Fig.
2~c!#. As shown in Fig. 3, incident electrons from the left-
hand side along the lower edge are almost reflected to the
upper edge through periodic orbits. The periodic orbit con-
sists of pinned cyclotron orbits surrounding several antidots
~a single antidot in this case!.3,15 The position where the
probability amplitude is enhanced is located on circles the
center of which is a single antidot, and the diameter is nearly

FIG. 2. TheB̃ dependence ofDG ~see text! for the rectangular
antidot lattice. In the horizontal axisB̃5Ba2/f0 . The (x3y) pe-
riods of the antidot lattice are~a! (14314), ~b! (7314), ~c!
(1437), and~d! (737). Dotted lines show the first~line F), the
second~line S), and the third~line T) Landau levels. The insets
indicate the schematic figure of a part of the antidot lattice used in
the calculations.

FIG. 3. The modulus squared of the wave function around the
left side of region II for the case of Fig. 2~c! at B̃50.047. The thin
intersecting lines indicate the antidot lattice and the antidots are
located on the lattice points. The interval of the contour lines~thick
curved lines! is 0.5.
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equal to the classical cyclotron radiusRc . When a magnetic
field is not so strong and two Landau levels are filled, around
B̃50.019 ~see Fig. 2!, there are irregular oscillations in
DG in all cases. In these cases, because of an increase in
Rc , even for the (7314) and (14314) lattices, the edge
state feels the potential of the antidot lattice, so that reflec-
tions due to the rectangular antidot lattice take place. For a
magnetic field whereDGÞ0, electrons propagate through a
bulk state which can be attributed to almost dispersionless
minibands formed by an antidot superlattice,16 whereas for
B̃ whereDG50, edge state propagation occurs. The periodic
orbit associated with the circular motion around antidots or
in the space among antidots causes the irregular oscillations
in DG.

Furthermore, in order to consider the case of the presence
of strong periodic scatterers, we investigate the antidot lat-
tices of ~a! and ~b! (1035), ~c! (535), and ~d! (035)
periods, where antidots are also introduced on the edges
(m51,M ) of the wire with a widthM541. Hence, there are
nine horizontal antidot rows along they axis @only nine an-
tidots in the (035) case#. Figure 4 gives calculated conduc-
tance forEF50.4t. In Figs. 4~a!, ~b!, and ~d!, we can see
approximatelyB-periodic dips in the range fromB̃50.039 to
B̃50.052, whereas irregular oscillation occurs in Fig. 4~c!.
In the case of Figs. 4~a!, ~b!, and~d!, whenever the conduc-
tance dip occurs, incident waves are almost reflected, as is
seen in Fig. 5. The probability amplitude in this case is en-
hanced around a single vertical antidot row in the left-hand
edge of region II. The fine structure appearing between dips
in Figs. 4~a! and ~b! is due to a reflection through a state
where electrons are broadened over the second vertical anti-
dot row. On the other hand, in the case of a (535) lattice,

the period of antidots parallel to the edge is so small that
various bulk states spread over more than two vertical anti-
dot rows appear. Accordingly, irregular conductance oscilla-
tion takes place.

B. Array of double-parallel point contacts

In this subsection, the electron conduction through peri-
odic double-parallel point contacts in a quantum wire is dis-
cussed. Until now, for double-~or multiple-! parallel ballistic
point contacts~which are not in series!, magnetoconductan-
ace characteristics have been investigated extensively by
several experimentalists.6,7 They observed theAB-type con-
ductance oscillation in high magnetic fields, in addition to a
locking effect between neighboring ballistic circulating
channels interacting with each other.6,7 We, first, examine
transport phenomena through double-parallel point contacts.
Figure 6 shows the conductance calculated as a function of a
magnetic field in various distancesd between two parallel
point contacts forEF50.4t. In the calculation, double-
parallel point contacts comprise three potential layers having
double point contacts, arranged sequentially with a spacea
in the x direction, being symmetric about the center line of
the wire@see inset of Fig. 6~a!#. As can be seen in Fig. 6, one
can easily notice periodic oscillation in the conductance in
the range fromB̃.0.025 toB̃.0.05, where the lowest Lan-
dau level is filled. The oscillation periodDB̃ decreases with
increasing distanced. The areaS calculated fromDB̃ on the
assumption of theAB oscillation is 230a2 in the case of Fig.
6~d!, which corresponds to the extension of the wave func-
tion around the potential island between two parallel point
contacts approximately. The contour map of the modulus
squared of the wave function in the case of Fig. 6~d! at
B̃50.026 is drawn in Fig. 7. On the other hand, in a high
magnetic field, theAB-like oscillation periodDB̃ decreases
with an increase in magnetic fields. The reason for this de-
crease ofDB̃ is considered as follows. The condition of the
resonance can be written classically by 2Rcnc5L, where
nc is an integer andL is the length of a trajectory of electrons
encircling the potential island. Accordingly,DB̃ can be ex-
pressed as

DB̃5const3
2vF
L

, ~12!

FIG. 4. TheB̃ dependence of the conductanceG for the rectan-
gular antidot lattice. The conductance scale in the vertical axis is
made logarithmic. The (x3y) periods of the antidot lattice are~a!
and~b! (1035), ~c! (535), and~d! (035). Dotted lines show the
first ~line F), the second~line S), and the third~line T) Landau
levels. The numbers of vertical antidot rows are~a! 5, ~b! 10, ~c! 5,
and ~d! 1. The insets indicate the schematic figure of a part of the
antidot lattice used in the calculations.

FIG. 5. The contour map of the modulus squared of the wave
function around region II for the case of Fig. 4~a! at B̃50.049. The
thin intersecting lines indicate the antidot lattice and the antidots are
located on the lattice points. The antidots are also present in the
edges of the wire. The interval of the contour lines~thick curved
lines! is 0.2.
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wherevF is the Fermi velocity. AlthoughL is a decreasing
function of B̃, L approaches an underlimit value in a high
magnetic field, since the electron trajectory approaches just
outside of the potential island between the two point con-
tacts. In a high magnetic field, asB̃ increases,vF decreases,
while L remains constant approximately, and therefore,DB̃
decreases gradually.

Next, we discuss electron transport phenomena in the case
where the double-parallel point contacts are aligned periodi-
cally. Figure 8 depicts theB̃ dependence of the conductance
for np51, np53, andnp55 with the intervalD of potential
layers, wherenp denotes the number of potential layers. In

this case, double-parallel point contacts consist of a single
potential layer having double point contacts, being different
from that used in Fig. 6~see inset of Fig. 8!. As can be seen
in Figs. 8~a!, ~b!, and~e!, when the interval of potential layer
D is 5a, as the number of potential layers increases,DB̃
decreases. This decrease ofDB̃ is understood by the distri-
bution of the wave function. Figure 9~a! shows the contour
map of the modulus squared of the wave function around
point contacts when the dip of conductance takes place at
B̃50.043 @see Fig. 8~b!#. As shown in Fig. 9~a!, electrons
rotate outside of the space between the left-hand side and the
right-hand side of the potential islands. The areaS5650a2,
which is calculated fromDB̃, is in agreement with the ex-
tension of the wave function surrounding potential islands.
Whenever the conductance dip occurs, electrons are almost
reflected through the orbit localizing around the space sur-
rounding the potential islands@see Fig. 9~a!#. We note that,
in these results,DB̃ also decreases with an increase ofB̃ in a
high magnetic field as shown before. WhenD is 10a, as
np increases,DB̃ remains unchanged, except a fine structure
in the conductance is seen between the dips in Figs. 8~c! and
~d!. This unchangedDB̃ is also comprehended by the wave
function around region II. The intervalD is so large that
most electrons rotate around only the left side island@see
Fig. 9~b!#. The areaS calculated fromDB̃ is 170a2, which
approximately corresponds to the spread of the wave func-
tion around the single potential island. A few electrons rotat-
ing around the space surrounding two or more potential
islands make the fine structure in the conductance.

FIG. 6. The conductance plotted as a function ofB̃ for the
double-parallel point contacts. The double-parallel point contacts
comprise three sequential potential layers. The structural width of
the point contact opening is 5a. The widthsd of the potential island
between the two point contacts are~a! 9a, ~b! 13a, ~c! 17a, and~d!
21a. Dotted lines show the conductanceG0 of the perfect wire. The
insets illustrate the schematic figure of the double-parallel point
contacts.

FIG. 7. The modulus squared of the wave function around re-
gion II for the case of Fig. 6~d! at B̃50.026. Vertical straight seg-
ments indicate the potential barrier. The interval of the contour lines
~curved lines! is 0.2.

FIG. 8. The conductance plotted as a function ofB̃ for the
double-parallel point contact array. The structural width of the point
contact opening is 5a. The widthd of the potential island separated
by the two point contacts is 21a. The numbersnp of potential
layers are~a! and~c! 3, ~b! and~d! 5, and~e! 1. The intervalsD of
potential layers are~a! and~b! 5a and~c! and~d! 10a. Dotted lines
show the conductanceG0 of the perfect wire. The insets illustrate
the schematic figure of the double-parallel point contact array em-
ployed in the calculations.
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Nevertheless, theB-periodic oscillation also occurs in the
case of the antidot array, which is considered the periodic
multiple-parallel point contact array, where the potential is-
land separated by two point contacts is extremely small@see
Figs. 4~a!, ~b!, and~d!#. The fine structure appearing between
dips in Figs. 4~a! and ~b! is understood in the same manner
as those discussed in the periodic double point contact array
with D510a.

Our calculations shown so far are limited to the extreme
quantum regime where a few Landau levels are filled. Hence,
the quantum interference effects like theAB-type oscillation
in the conductance are clearly seen. On the other hand, in the
condition of the experiments for antidot arrays,17 roughly ten
or more Landau levels in the lead wire are filled about
B51 T. In such a condition, the classical picture of the
commensurability between the periodic orbit and the meso-
scopic antidot array is valid. We, therefore, examine the
commensurability between the period of the point contact
array and the orbit of edge electrons in the regime where
many Landau levels are filled. In Fig. 10, we show the cal-
culated results for the conductance in the case of
EF52.85t. In this case,np55, D516a, and the arrow in
Fig. 10 shows the position ofB̃ (50.034), where 2Rc5D.
As can be seen in Fig. 10, the conductance is enhanced
aroundB̃50.034, where the number of the Landau levels is
nine. About B̃50.034, because the orbit of edge electrons
skipping through the point contacts is commensurate with
the period of the array of the point contacts, the scattering by
the potential layers is reduced, and consequently, the con-
ductance is augmented.

IV. SUMMARY AND DISCUSSION

We have investigated the commensurability problem be-
tween the periodic potential and a magnetic field for the
quasi-one-dimensional quantum wire, laying stress on the in-

terference effects of the electron waves. In the present paper,
we considered the cases of the rectangular antidot superlat-
tice and the periodic double-parallel point contact array, and
calculated the conductance for those systems by solving the
Lippmann-Schwinger equation numerically.

For the case of the rectangular antidot superlattice, it was
shown that the conductivity has a characteristic structure due
to the commensurability between the cyclotron radius and
the period of the antidots. In order to see this aspect more
clearly, we calculated the wave function at a magnetic field
satisfying the commensurate condition. Then the incident
electrons which run from the left-hand side along the lower
edge are almost scattered to the upper edge, where the elec-
trons run to the left-hand side, through the pinned cyclotron
orbits surrounding several antidots. When the distance be-
tween the edge of the wire and the nearest antidot row from
it is larger than the extension of the wave function of the
edge states in a high magnetic field, the incident electrons
from the left-hand side are almost transmitted to the right-
hand side, since there is no trajectory from the lower edge to
the upper edge.

Here, we attempt to make a comment upon the anisotropic
properties of the magnetoresistance, although the present in-
vestigation is based on the quasi-one-dimensional system. In
the experiments for the anisotropic rectangular antidot super-
lattice using the Hall bar geometry, there is a pronounced
peak structure in the magnetoresistivityrxx along the long
period while it disappears inryy along the short period in a
high magnetic regime.18 Nagao has attempted to explain this
feature by calculating the classical cyclotron trajectories for
the two-dimensional system, and shown that the anisotropy
of the magnetoresistance is due to the anisotropic character
of the diffusive trajectories.19 This anisotropy, however, may
be also discussed from the point of view that the current is
transmitted through the edge states for the Hall bar
geometry.20 When the period of antidots normal to the edge
is larger than the extensions of the wave functions of the
edge states and the cyclotron orbits pinned by the antidots,
the trajectory from the lower edge to the upper edge disap-
pears as shown in Fig. 2. Accordingly, the anisotropic fea-

FIG. 9. The contour map of the modulus squared of the wave
function around region II for the case of~a! Fig. 8~b! at B̃50.043
and ~b! Fig. 8~d! at B̃50.038. Vertical straight segments indicate
the potential barrier. The intervals of the contour lines~curved
lines! are ~a! 0.1 and~b! 0.5.

FIG. 10. The B̃ dependence of the conductanceG for the
double-parallel point contact array, when many Landau levels are
filled. The structural width of the point contact opening is 8a. The
width d of the potential island separated by the two point contacts is
19a. The numbernp and the intervalD of potential layers are 5 and
16a, respectively. The arrow shows the position ofB̃ (50.034)
where 2Rc5D. The insets illustrate the schematic figure of the
double-parallel point contact array.
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ture is considered to be observed in the magnetoresistivity
for the anisotropic rectangular antidot supperlattice in a high
magnetic regime.

On the other hand, when the period of antidots normal to
the edge is smaller than the extension of the cyclotron orbits
surrounding the antidots, the cyclotron orbits combine. Then
it is shown that theB-periodic oscillation appears in the
magnetic field dependence of the conductance curves.

For the case of the double-parallel point contact array, the
AB-type oscillation appears clearly in the magnetic field de-
pendence of the conductance. This oscillation is attributed to
the interference effects of the electron waves circulating the
potential island between the two point contacts.7 When the
distanceD between the potential islands is smaller than the
extension of the wave function circulating the island, the
circulating trajectories also combine. Then the period of the
oscillation becomes small because of the increase of the en-
closed areaS of the electron trajectory.

The AB-type conductance oscillation is clearly seen in a

high magnetic field regime where a few Landau levels are
filled. In the condition of the experiments where ten or more
Landau levels are filled, the conductance calculated has a
fine structure. In such a condition, however, it is shown that
the classical picture of the commensurability between the
cyclotron orbit and the period of the potential is valid. To
compare with the experimental findings more correctly, it is
necessary to calculate the magnetoresistivity for the Hall bar
geometry.
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