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We calculate nonlinear I{V characteristics in the system comprising a tunnel junction and a
rectangle barrier to study the quantum interference e+ect using the lattice Green’s function
method based on Keldysh’s theory. To investigate the feature of oscillatory behaviors of the total
current in the presence of a bias voltage and magnetic 0eld, we calculate the spatial distribution of
a local current. Discussions are presented about an interpretation of the oscillation in terms of a
periodic change of a local level and the interference of the wave function.
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x1. Introduction

With advanced technology of the nano-fabrication and
the growth of high-mobility heterostructures, it becomes
possible to make various structures on mesoscopic scale.
In these mesoscopic systems, nonlinear transport phe-
nomena have become a subject of current interest.1{4)

For instance, the measurements of quantum interference
of electrons in metal rings interrupted by two small
junctions are reported.4) The in6uence of magnetic and
electrostatic potentials on the Aharonov-Bohm (AB)
quantum-interference e+ect was investigated in that
study.

To study the nonlinear transport in the mesoscopic
system, we have presented the method to calculate the
nonequilibrium current in the mesoscopic system.5)

Using the method, we have calculated the nonlinear
current{voltage (I{V ) characteristics and the spatial
distribution of current through a biased region.5) The
method employed is based on Keldysh’s theory,6) and is
an extension of the recursive Green function method for
a lattice model.7) Moreover, we also extended the
method to investigate the spatial distribution of the
current in a magnetic 0eld.8) Using this method, we have
studied the distribution of the nonequilibrium current
and the temperature dependence of the nonlinear I{V
characteristics in a series of two point contacts in a
magnetic 0eld.8,9) Also, we have investigated the e+ect of
the scaler potential on the tunneling magneto-resistance
for the system to which many impurities are intro-
duced.10)

In this work, we have investigated the I{V character-
istics and the spatial distribution of the current in a
quantum wire comprising a tunnel junction and a single
rectangle barrier at the center as depicted in Fig. 1, to
consider the in6uence of magnetic and electrostatic
potentials on the interference e+ects. To this system, we
have applied the bias voltage V taking the chemical
potential of the left and right sides of the hatched
rectangles in Fig. 1, �L and �R, to be �L ¼ �R þ eV . In
the present study, we concentrate on a noninteracting

case for simplicity. The e+ects of interaction within a
mean 0eld level can be included in a straightforward way
by extending a treatment examined in a linear response
case.11)

x2. Model and Method

We consider a quantum wire described by a two-
dimensional tight-binding model, where the lattice sites
are labeled with the coordinate (i; j). The wire is
assumed to be in0nitely long in the x-direction, but in
the y-direction it is assumed to be 0nite and consists of
M lattice sites. Along the x-direction, the system
consists of three parts; a 0nite central region at
1 � i � N , and two semi-in0nite leads at �1 < i � 0
and N þ 1 � i < þ1. The Hamiltonian is given by

H ¼ �t
X1
i¼�1

XM�1

j¼1

Cy
i;jþ1Ci;j þ H.c.

� �
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�
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þ
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where Cy
i;j is the creation operator for an electron at the

lattice site ði; jÞ, and t is the hopping matrix element for
the nearest-neighboring sites. In above, a free boundary
condition is assumed in the y-direction, and thus the
hopping matrix elements connecting the sites at j ¼ 1
and j ¼M are taken to be zero. When a uniform
magnetic 0eld B is applied along the z-direction, the
Peierls phase factor can be chosen as Pj ¼
exp½2�i eBBfj� ðM þ 1Þ=2g�, where eBB ¼ Ba2=�0 with �0
(¼ h=e) being the magnetic 6ux quantum and a the
lattice constant. In what follows, we will use a as a unit
of the length, t as a unit of the energy, and �0=a

2 as a
unit of the magnetic 0eld B. The on-site energy vi;j in the
closed rectangle [barrier (II)] in Fig. 1 is much higher
than that in the hatched regions [barrier (I)]. In this
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study, vi;j is given by

vi;j ¼
2 ; for xL < i � xR; 1 � j � 5 and M � 4 � j �M [barrier (I)]

100 ; for xL � 4 < i � xR þ 4; 5 < j < M � 4 [barrier (II)]

�
: ð2:2Þ

In the last term of eq. (2:1), �i is the electrostatic
potential due to an applied electric 0eld. For a uniform
0eld applied in the x-direction, we assume �i to be

�i ¼

eV ; i � xL

eV
xR � iþ 1

xR � xL þ 1
; xL þ 1 � i � xR

0 ; xR þ 1 � i

8>>><
>>>: ; ð2:3Þ

where V is the bias voltage. We will choose xL and xR to
be 0 < xL � 4 < xR þ 4 < N in order to examine the
current distribution far from the barrier (II).

Next, we are concerned with the current expression.
The local currents in the x and y direction, Ixi;j and Iyi;j,
around the site ði; jÞ are expressed as

Ixi;j ¼
et

�h

Z
d!

2�
G<j;jði; iþ 1ÞP �

j �G<j;jðiþ 1; iÞPj
h i

; ð2:4Þ
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et
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Z
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h i
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where the matrix element of the lesser Green function
G<ði; i0Þ is de0ned by

G<j;j0 ði; i0Þ � i

Z 1

�1
dt Cy

i0;j0 ð0ÞCi;jðtÞ
D E

ei!t: ð2:6Þ

Especially, the total current 6owing along the x-
direction, in which the electric 0eld is applied, can be
expressed simply in terms of the retarded (þ) and
advanced (�) Green functions5,8,12)

Itot ¼
e

h

Z
d!ðfL � fRÞT ð!Þ; ð2:7Þ

T ð!Þ ¼ Tr �LG
þð1; NÞ�RG

�ðN; 1Þ
� �

; ð2:8Þ

where fL,R � ½eð!��L,RÞ=kBT þ 1��1 with T being tempera-
ture. The Boltzmann constant kB is set to be unity. Here
Tr denotes the trace for M �M matrices,

�L � it2 Gþ
L ð0Þ �G�

L ð0Þ
� �

, and �R � it2 Gþ
RðN þ 1Þ�

�
G�

RðN þ 1Þ� with G�
L ð0Þ and G�

RðN þ 1Þ being the Green
functions for the edge of the unconnected leads on the
left and right. G�ðl;mÞ is the interlayer Green’s
function, i.e., an l-m element of Green’s function
operator G � ð!� i0�HÞ�1. The interlayer Green’s
functions are calculated numerically by recursive
Green’s function technique. The detailed description
for the calculation of the interlayer Green’s function is
given in refs. 5 and 8.

x3. Results and Discussion

Now, we present the results of numerical calculations.
For simplicity, we consider only the case T ¼ 0 in the
following calculations. The parameters �R, N;M; xL,
and xR are set to be 0.4, 30, 20, 14, and 16, respectively.
In Fig. 2(a), the total current is shown as a function of B
for several bias voltages. In the linear response case at
eV ¼ 0:001, we can see narrow dips appearing quasi-
periodically. These dips are due to the resonant
tunneling occurring between two edge states through
the local state surrounding the barrier (II),13) and take
place with a period %B ¼ 0:0042. In the lower magnetic
0eld in Fig. 2(a) at eV ¼ 0:001, because of the wide
spread of the wavefunction of the edge states in the y-
direction, the overlap of the local state and the edge
states may give rise to small dips. In the higher magnetic
0eld, the period of the dips reduces, and the reason of the
reduction of the period is considered to be same with
that in the antidot case, which has been examined in
ref. 13, where the reason of the shrink of the period of the
dips in the high magnetic 0eld has been explained

Fig. 1. The schematic 0gure of the model. The closed and hatched

rectangles show the region in which the barrier (I) and barrier (II)

are located, respectively. The width of the wire is set to be M ¼ 20.

The size of the central region in the x-direction is N ¼ 30. The on-
site energy is taken to be 100 in the closed rectangle (10� 10 sites)

and 2 in the hatched rectangles (2� 5 sites in each). The additional

static potential due to the bias voltage is also applied to each site.

Fig. 2. B-dependence of the current (a) without impurity and (b)

with impurities (see text). The eV values are (a) eV ¼ 0:5, 0.1, 0.01,

0.001 and (b) eV ¼ 0:001.
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through the calculated eigenvalue curves as a function of
B in two-dimension.13)

Here, we show the nonequilibrium current distribution
in Fig. 3(a) for the magnetic 0eld where the resonant
re6ection occurs at B ¼ 0:0438. To see the character of
the resonance clearly, we will separate the local current
into several contributions with a special energy ! region.
Figures 3(b) and 3(c) depict the 6ows, where the range of
integration with respect to ! de0ned by eqs. (2:4) and
(2:5) is restricted to be in between �L and �R. The
magnitudes of the arrows in Figs. 3(b) and 3(c) are
enlarged 100-fold and 3� 105-fold over that in Fig. 3(a).
Notice that, in Fig. 3(c), the arrows are drawn only in
the right hand side from the barrier (I). Moreover, the
current contributed mainly from the bulk current is
plotted in Fig. 3(d), where the range of the integration is
restricted to be in between the bottom of the 0rst
subband Eb and Eb þ 0:0015. In this case, Eb ¼ 0:266,
which is about two thirds of �R (¼ 0:4). Remind that
Figs. 3(b), 3(c), and 3(d) do not mean the real current
distributions, but the currents only contributed by some
energy parts. In Fig. 3(a), we can not see any features of
the resonance, because of the large number of the
contribution of the current which does not contribute
to the total current. The feature of the resonant
re6ection can be seen only in Fig. 3(c) where the current
6ows from the upper edge around the barrier (I) to the
other side barrier (I) at the lower edge through the orbit

surrounding the barrier (II). In this resonant state, the
e+ective radius of the orbit surrounding the barrier (II) is
estimated to be about eight from Fig. 3(c). This value
gives the inverse of the area surrounded by the orbit,
1=S � 0:0049, which can correspond approximately to
the interval between two dips %B ¼ 0:0042 around B ¼
0:0438 in Fig. 2(a).

As the bias voltage increases, the oscillatory behavior
due to the AB-type e+ect becomes weak [see Fig. 2(a) at
eV ¼ 0:5]. This is because many resonant states exist in
the energy spectrum between �R and �L (¼ �R þ eV ),
and thus, the current becomes less sensitive to the
change of the location of the resonant level due to the
change of B. We note that the similar tendency is also
seen in the �R-dependence of the tunneling current
passing through two point contacts.5,8)

We have also examined the e+ects of the randomness
by introducing impurities around the barrier (II): we add
the potential energy vi;j by 0.5 for 10% of the sites chosen
randomly from 10� 20 sites at the center (see Fig. 1).
Figure 2(b) gives the typical examples of the B-
dependence of the current for the average of 50 di+erent
impurity con0gurations at eV ¼ 0:001. By the e+ects of
impurities, the sharp dips disappear and the curve
structure becomes similar to that in Fig. 2(a) at
eV ¼ 0:1.

Next, we discuss the bias voltage dependence of the
current. Figure 4(a) shows the currents as a function of

Fig. 3. The current distributions for eV ¼ 0:001 and B ¼ 0:0438. The open circles (�) denote the sites which constitute the
potential barrier. (b) and (c) The 6ows, where the range of integration with respect to ! is restricted to be in between �L and

�R, are drawn. (d) The 6ows contributed mainly from the bulk current, where the range of integration with respect to ! is

restricted to be in between Eb and Eb þ 0:0015, are drawn. The magnitudes of the arrows in (b) and (c) are enlarged 100-fold

and 3� 105-fold, respectively, over that in (a) and (d). In (c), the arrows are drawn only in the right hand side from the barrier
(I).
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eV , where the impurities are not introduced. The
currents show oscillatory behaviors, and the interval of
the maximum is about %eV ¼ 0:22{0.3. These oscilla-
tory behaviors are considered to be well explained by the
energy-dependence of the transmission probability.
These behaviors are attributable to the periodic change
of the quantized local level around the barrier (II).
Figure 5 gives an example of transmission probability
T ð!Þ calculated by eq. 2:8 at B ¼ 0:0438. The transmis-
sion probabilities have been calculated in the range
between �R (¼ 0:4) and �L (¼ �R þ eV ) for eV ¼ 0:1{
0.9. For each curve of the transmission probability in
Fig. 5, the energy region, where the transmission
probability is not zero, appears in between Eb

(¼ 0:266Þ þ eV and �L (¼ �R þ eV ) (see Fig. 5). As the
voltage increases, the range with the 0nite transmission
probability shifts to high energy side. In each non-zero
region, we can notice a remarkable oscillatory feature
and the increase of the amplitude of oscillation with
increasing energy. The oscillating behaviors are consid-
ered to be due to the fact that the transmission
probability becomes minimum, when �R crosses the
local level constructed around the barrier (II). In this
case, the resonant tunneling can occur from the lower
edge state to the upper edge state through the local state
surrounding the barrier (II). The reason for the increase
of the amplitude with increasing energy in each curve in
Fig. 5 is that, as the energy increases, for an incident
electron, the height of potential energy of the barrier (I)
is felt to decrease relatively. Furthermore, in the
neighbouring curves, the location of corresponding peak,
which occurs at the intermediate between successive two
local levels, shifts to right by about 0.07 as eV increases
by 0.1 (see Fig. 5), although the height of the peak
decreases with increasing eV . The decrease of the height
of the peak is due to the fact that the relative energy
location of the peak, which is measured from �L,
decreases with increasing eV . It should be noted that,
when the maximum of the transmission probability
occurs at ! ¼ �L, the maximum occurs in the curve of
the total current in Fig. 4(a).

For understanding the oscillatory behaviors in the
transmission probability clearly, we have calculated the
local 6ows by performing the integration in eqs. 2:4 and
2:5, but the range of which is restricted to be in between
!i and !i þ%! with %! being 10�3, although these
distributions are not real current distributions. In
Figs. 6[(a),(b)] and 6[(c),(d)], the local 6ows are drawn
when !i locates at the positions where the transmission
probabilities are minimum and maximum, respectively.
We also show the 6ow when !i locates in the vicinity of
�L at !i ¼ �L �%! in Figs. 6(e) and 6(f). Notice again
that, in Figs. 6(b), 6(d), and 6(f), the arrows are drawn
only in the right hand side from the barrier, although the
magnitude of the arrows are enlarged 700-fold over that
in Figs. 6(a), 6(c), and 6(e). Furthermore, the real
current distribution obtained with eqs. 2:4 and 2:5 is
displayed in Fig. 6(g) and the bulk current of the right
hand side for !i ¼ Eb and %! ¼ 5� 10�4 is also drawn in
Fig. 6(h). In Fig. 6(b), we can see that the main 6ow
appears in the upper edge, rotates counterclockwise
around the barrier (II), and then, enter the barrier (I) in
the lower edge. In Figs. 6(d) and 6(f), however, the orbit
surrounding the barrier (II) breaks around the lower
edge and large currents 6ow to right through the lower
edge.

Here, we consider these behaviors from the viewpoint
of the interference of the wave functions.4,14) In this
geometry and a single propagating mode case, the
electron tunneling occurring at the barrier (I) makes
the electron transport, which creates an electron-hole
pair during the tunnel event. The electron-hole pair
appearing at the upper edge in the barrier (I) recombines
around the lower edge. At ! ¼ !i, an electron and hole
accumulate electrostatic phases expði!it0Þ and
exp½�iðeV =�h� !iÞt0� with t0 being a spending time until
the pair recombines. Hence, the electrostatic interference
e+ect brings alternating constructive and destructive
interference of the wave function. In Fig. 6(b), we can
easily notice the constructive interference, and at this

Fig. 4. eV -dependence of the current (a) without impurity and (b)

with impurities (see text). The magnetic 0elds B are (a) B ¼ 0:0438,

0.0444, 0.0456 and (b) B ¼ 0:0432, 0.0444, 0.0456.

Fig. 5. The transmission probabilities as a function of energy ! are
plotted for several bias voltages eV ¼ 0:1{0.9 at B ¼ 0:0438.

Figures shown inside the graph represent the values of eV (¼ 0:1{

0.9).
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Fig. 6. The current distributions for eV ¼ 0:5 and B ¼ 0:0438 are plotted. The open circles (�) denote the sites which

constitute the potential barrier. In (a){(f), the 6ows, where the range of integration with respect to ! is restricted to be in

between !i and !i þ 10�3, are drawn. In [(a),(b)] and [(c),(d)], the values !i correspond to the minimum and maximum of the
transmission probability at 0.879 and 0.845, respectively, in Fig. 5. (e) and (f) !i ¼ �L � 10�3. (g) The real current

distribution calculated by eqs. 2:4 and 2:5 is drawn. (h) The 6ow contributed mainly from the bulk current, where the range of

integration with respect to ! is restricted to be in between Eb and Eb þ 0:0005, is drawn. The magnitudes of the arrows in (b),

(d), and (f) are enlarged 700-fold over that in (a), (c), and (e). The magnitudes of the arrows in (a), (c), and (e) are enlarged
100-fold over that in (g) and (h). (b), (d), and (f) The arrows are drawn only in the right hand side from the barrier (I).
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time, the energy !i corresponds to the local level
constructed around the barrier (II). As mentioned in
the above, the interference of the wave function at ! ¼
�L mainly contributes to the oscillation of the total
current in Fig. 4(a), and thus, the period of the
oscillation of the total current can be given by %eV ¼
h=t0 obtained from the electrostatic phases. In this case,
the motions of an electron and hole are ballistic, so that,
when the applied bias voltage is small, we consider that
the velocity of the electron is given by the Fermi velocity
vF [¼ 8tða�Þ2=h"F with "F being the Fermi length]
calculated from the Fermi energy (¼ �R). The length of
the trajectory of the electron is about 30 estimated from
Fig. 6(b), and then the value %eV is calculated to be 0.26
which approximately corresponds to the period of the
oscillation of the total current 0.22 in Fig. 4(a) when the
bias voltage is small.

As for the real current distribution in Fig. 6(g), the
character of the distribution is determined mostly by the
contribution of the current which does not contribute to
the total current in such a high magnetic 0eld regime.
Thus, the distribution displayed in Fig. 6(g) resembles
highly that shown in Fig. 3(a). Also, the bulk current
distribution depicted in Fig. 6(h) is similar to the right
hand side of the bulk current shown in Fig. 3(d). The left
hand side of the bulk current can also be drawn by the
integration for !i ¼ Eb þ eV , which resembles that of
the left hand side in Fig. 3(d) (not shown).

Next, the e+ects of the randomness are examined. The
con0guration of impurities are same with that described
before. Figure 4(b) shows the currents as a function of
eV for the average of the 50 di+erent impurity
con0gurations. The features of the curves are similar to
those shown in Fig. 4(a) except the reduction of the
magnitude of the current and the slight change of the
phase of the curves. This implies that the change of the
location of the local levels by the addition of such kind of
impurities is not so large.

x4. Summary

In summary, we have calculated the nonlinear I{V
characteristics in the system comprising the tunnel
junction and the rectangle barrier, and examined the
magnetic and electrostatic AB-type interference e+ects

on the tunnel current. The spatial distributions of the
current have also been investigated. At the resonant
level, the local 6ow between the upper and the lower
edges can be seen clearly in the right side of the tunnel
barrier. We have interpreted the oscillation of the total
current as a function of the applied bias voltage through
the periodic change of the quantized local level around
the rectangle barrier and the interference of the wave
function. The e+ect of impurities on the magnetic 0eld
and bias voltage dependences of the current has also
been examined.
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