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Abstract

We investigate the transport phenomena through a region containing a ring-shaped barrier in a quasi-one-dimensional
quantum wire in magnetic fields. The calculated magnetoconductance curve shows a periodic dip structure, which is superim-
posed upon by another quasi-periodic dip structure. The current distributions for resonant states and the magnetoconductance
features are well explained on the basis of the magnetic field dependence of the eigenvalue in the two-dimensional system.
c© 1998 Elsevier Science B.V.

PACS: 73.23.−b; 73.23.Ps; 73.20.Dx

The development of the semiconductor micropro-
cessing technology has made it possible to fabricate
two-dimensional ballistic quantum systems, in which
the scattering of an electron by disorders can be elim-
inated. In these systems, especially lateral surface su-
perlattices with a period of the order of 100 nm, called
antidot lattices, have been studied intensively [1112]
in recent years. The cyclotron motion of electrons in
such systems is greatly affected by the antidot poten-
tial in the presence of a magnetic field B, and thereby
the magnetoresistance shows B periodic and 1/B pe-
riodic oscillations in certain magnetic field regimes.
The former oscillation is caused by quantum inter-
ference effects of electron waves, and is attributed to
a modified energy spectrum [5] or the Aharonov1
Bohm (AB) effect [618], while the latter oscillation
(Weiss oscillation) is understood in terms of a semi-
classical picture [1,9,10]. Many theoretical calcula-
tions have been done to study the characteristic trans-

port phenomena for antidot lattice systems in magnetic
fields [315,7,9112].

In Ref. [11], we reported the results of the investi-
gation of quantum interference effects on the transport
properties of quantum wires including disk-shaped ob-
stacles with a negative potential (i.e. contrary to an
antidot structure). We showed that double concen-
tric vortex currents with opposite rotations flow near
the potential edge and the magnetoconductance has a
quasi-periodic dip structure, the period of which re-
flects the area of the ring region lying in the opposite
currents. In the present study, we examine the mag-
netic field effects on the conductance and the wave
functions for quantum wires containing a ring-shaped
barrier with a positive potential. The results obtained
are analyzed on the basis of the magnetic field de-
pendence of the energy levels for a two-dimensional
electron system. Furthermore, we discuss the differ-
ence between the results obtained in the case of a ring-
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shaped obstacle with a positive potential and those in
the case of a disk-shaped obstacle with a negative po-
tential.

We consider a quasi-one-dimensional lattice sys-
tem, where the electrons are confined by infinite bar-
riers along the y-axis but are free to move along the
x-axis as shown in the inset of Fig. 1. In the presence
of a magnetic field B perpendicular to the system, the
Hamiltonian can be expressed as

H = H0 + V, (1)

H0 = −t
∑
n

M−1∑
m=1

∑
σ

(c†n,m+1,σcn,m,σ + c†n,m,σcn,m+1,σ)

− t
∑
n

M∑
m=1

∑
σ

[P ∗(m)c†n+1,m,σcn,m,σ

+ P(m)c†n,m,σcn+1,m,σ]

+
∑
n

M∑
m=1

∑
σ

umc
†
n,m,σcn,m,σ, (2)

V =
N∑
n=1

M∑
m=1

∑
σ

vn,mc
†
n,m,σcn,m,σ, (3)

where cn,m,σ is the annihilation operator of an electron
with spin σ at the lattice site (n,m) (1 6 m 6 M).
The quantities t (> 0), um (= 4t), and vn,m are the
hopping integrals between the nearest neighbor sites,
the potential energy along the y-axis, and the scattering
potential which is present in the sample region (1 6
n 6 N), respectively. The Peierls phase factor is

P(m) = exp{2πiB̃[m− (M+ 1)/2]},

where B̃ = Ba2/Φ0, a being the lattice constant and
Φ0 being the magnetic flux quantum. The eigenfunc-
tion |ν, k〉 and the eigenvalue εν(k) for the Hamilto-
nian H0 can be straightforwardly calculated with the
use of a numerical diagonalization, where ν is the
mode of the subband and k is the wave vector along
the x-axis. Then we explicitly obtain the Green func-
tion 〈n,m|G0(ε)|n′, m′〉 for H0 [12]. Using G0(ε)
we can solve the scattering problem with the aid of
the Lippmann1Schwinger equation [12],

Fig. 1. The magnetic field dependence of conductance G for the
quantum wire including a ring-shaped obstacle with v = 0.5t. The
dotted line indicates the conductance for a perfect wire. An open
diamond mark shows the position where the two dips gather
closely. Note that the dip marked by the fifth diamond (from the
left) is a rather broad single dip, compared with the other dips;
the minimum conductance value is 0.78. A closed diamond mark
indicates the position where the conductance peak appears. The
inset shows the schematic of the system. The arrows indicate the
direction of the edge current.

〈n,m|p〉 = 〈n,m|ν, kin〉

+
N∑
n′=1

M∑
m′=1

〈n,m|G0(ε)|n′, m′〉vn′,m′〈n′, m′|p〉.

(4)

Here |p〉 is the wave function for the HamiltonianH in
the case where the electron wave with subband mode
ν, wave vector kin (> 0), and energy EF comes from
the left-hand side of the system (see inset of Fig. 1).
From the wave function |p〉, we can evaluate the con-
ductance by means of Landauer’s formula [13]. A de-
tailed description of the calculation method is given
in Ref. [12].

Now we discuss the transport phenomena through a
region containing a ring-shaped obstacle. We consider
a thin ring-shaped impurity barrier of thickness 2a, as
depicted in the inset of Fig. 1. The potential profile of
the system is

vn,m = v, for ra − 2a 6 rn,m 6 ra,

= 0, otherwise, (5)

where

rn,m = {(na− ra − a)2 + [ma− (M+ 1)a/2]2}1/2.

We have calculated the conductance as a function of
B̃ in the case of EF = 0.4t, v = 0.5t, ra = 16a, and
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M = 41a. Fig. 1 shows the results of the magnetocon-
ductance for this system. In Fig. 1, we can see narrow
dips in the magnetic field regime B̃ > 0.033, where
only the lowest Landau level is filled. These dips are
due to resonant reflection by the local states, and take
place quasi-periodically with a short period DB̃s =
9× 10−4; they seem to be superimposed upon by an-
other quasi-periodic dip structure with a longer period,
DB̃l = 3.1× 10−3 ∼ 5.1× 10−3. We mark these su-
perimposed dips in Fig. 1 by open diamonds, ♦. From
the period DB̃s, the quasi-periodic structure with the
short period can be considered to be due to the AB
type interference effect for the orbit surrounding the
ring barrier. In the high magnetic field regime, B̃ >
0.062, one can also notice the occurrence of the con-
ductance peaks marked by closed diamonds in Fig. 1,
which are due to resonant transmission through the
local electronic state.

To consider these features of the dips and peaks for
the magnetic field regime B̃ > 0.033, we have ex-
amined the current distributions at the magnetic fields
where the conductance dips and peak occur. Figs. 2a1
2d depict the calculated current distributions at (a)
B̃ = 0.0338, where the left-side dip in this B̃ regime
emerges, (b) B̃ = 0.0432 and (c) B̃ = 0.0434, where
the left- and right-side dips of two closely located
dips appear at the magnetic fields where the fourth
open diamond mark from the left is located, and (d)
B̃ = 0.0628, where the conductance peak takes place at
the magnetic field marked by the first closed diamond.
In Figs. 2a1d, we can see the double concentric vor-
tices, where the current rotates clockwise on the outer
part and counterclockwise on the inner part. Also, we
can see in Fig. 2b (Fig. 2c) that only the current den-
sity inside (outside) the ring is very high. Moreover,
we can notice that in Fig. 2d that the double concentric
vortices are present inside the ring barrier. These cur-
rent distributions seem to suggest that there are three
kinds of local electronic states constructed around the
ring barrier; the local electronic states are constructed
at the position of the ring barrier in Fig. 2a, inside the
barrier in Fig. 2b,d, and outside in Fig. 2c. The current
distribution at B̃, corresponding to the minimum of
every left-side dip of two closely located dips marked
by the open diamond, shows similar features as shown
in Fig. 2b in the regime B̃ 6 0.058. In the regime
B̃ > 0.058, the current distribution for these dips and
the peaks marked by a closed diamond shows similar

Fig. 2. The current distributions around the ring-shaped obstacle,
which exists in two dotted circles, for the case of Fig. 1 at
(a) B̃ = 0.0338, (b) B̃ = 0.0432, (c) B̃ = 0.0434, and (d)
B̃ = 0.0628.

characteristics as that in Fig. 2d. The current distribu-
tions for other dips are almost polarized outside the
ring barrier as shown in Fig. 2c.

To analyze the aspects of the calculated conduc-
tance and current distributions, we consider the local
electronic state from the standpoint that the inci-
dent electron is reflected (transmitted) through the
local state around the obstacle, and then, the dip
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(peak) occurs in the magnetoconductance curve as
depicted schematically in Figs. 3a,b. We consider a
two-dimensional electron system with a circular ring-
shaped obstacle. The potential profile introduced is
Vf(r) = vf (= 0) for ra − 2a 6 r 6 ra (otherwise).
The eigenfunction ϕnl(r, θ) in this two-dimensional
system for the symmetric gauge can be written as
ϕnl(r, θ) = pnl(r2/2)r|l| exp(−r2/4) exp(−ilθ),
where, if there is no obstacle (vf = 0), pnl(u) stands
for a Laguerre polynomial and the index n corre-
sponds to the Landau level index. To compare the
calculated energy level with the conductance in Fig. 1,
we choose the parameter vf so that the Landau level
splitting }ωc is equivalent to that in the case of
Fig. 1 [11]. Thus, we use vf = 36ε0 and EF = 28.8ε0

to analyze the calculated results in Fig. 1, where
ε0 = 2}2/m∗e r

2
a. Fig. 4a gives the lowest (n = 0),

the second (n = 1), the third (n = 2), and the fourth
(n = 3) energy levels of eigenvalues for several val-
ues of the quantum number of the orbital angular
momentum l in the case of ra = 16a. Especially, in
Fig. 4b, we plot the energy levels for l = 9 in order
to carefully consider the feature of the eigenvalue
curves. Note that the quantity Sf = πr2

a in Figs. 4a,b.
As can be seen from Fig. 4, the degeneracy of the
angular momentum is removed by the potential of the
obstacle. From these figures, we can see the following
features. The curves of the eigenvalue with different
n never cross each other, i.e., the curves with n = 0,
n = 1, n = 2, and n = 3 are present in the different
spaces. For each quantum number l corresponding to
each curve, the wave function spreads outside of the
ring barrier in a low magnetic field, and hence, the
behavior of the curve is considered to be almost the
same as that in the antidot (disk) case (see below).
In a high magnetic field, the curves of the eigenval-
ues are asymptotic to the line (n + 1

2 )}ωc, because
the cyclotron radius shrinks and the wave function is
located inside the ring. Also, we can notice the hump
structure in each curve in Figs. 4a,b. At the magnetic
field corresponding to the maximum of the hump, the
loop of pnl(r, θ) is found to be located at the position
of the obstacle. The number of humps in each eigen-
value curve coincides with n+ 1, because the number
of loops of the wave function corresponds to n+ 1.

Here, we reconsider the feature of the conductance
with the aid of the dependence of the eigenvalue in the
two-dimensional electron system. In Fig. 4, the Fermi

Fig. 3. Schematic views of the edge and local states. The thick and
thin solid curves represent the edge and local states. The dotted
lines show (a) resonant reflection and (b) resonant transmission.

energy EF, indicated by a straight horizontal line, cor-
responds to the energy of the incident electron for the
conductance calculation in Fig. 1. Hence, the crossing
point between the EF level and the line 1

2}ωc (the first
Landau level) coincides with the magnetic field B̃f
where the conductance vanishes at B̃ = 0.067 in Fig. 1.
Also, the region where the conductance dips occur in
the single edge channel case in Fig. 1 corresponds to
the region 26 6 BSf/Φ0 6 55 in Fig. 4a, although the
two regions do not coincide quantitatively because of
the difference of the models. Furthermore, in Fig. 4,
we can see two types of crossing point between EF

and the eigenvalue curves, i.e., dE/d(BSf/Φ0) at the
crossing point is positive and negative. Both types ap-
pear almost periodically so long as BSf/Φ0 is not
close to the crossing point between EF and the line
1
2}ωc. Thus, we can expect a quasi-periodic structure
in the conductance curve with a short period, which
is superimposed by another periodic structure with a
much longer period, on the assumption that all cross-
ing points equivalently contribute to the conductance
dips. In practice, the curve of the magnetoconduc-
tance shows such structures with DB̃s and DB̃l. From
Fig. 1, in the lower magnetic field around B̃ = 0.043,
the area calculated by DB̃l is 345a2 on the assump-
tion of the AB effect, which may approach the area
S ≈ 411a2, S being the area surrounded by the inner
orbit in Fig. 2b. The intervals between the neighbor-
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Fig. 4. (a) Magnetic field dependence of the energy levels of
the eigenvalues for several values of the quantum number of the
angular momentum l (0 6 l 6 41). For each n, the angular
momentum of the lowest curve is l = 0; the value of l of the
upper curve increases by 1. The horizontal solid line represents
the Fermi energy EF (see text). (b) Magnetic field dependence
of the energy level of eigenvalues for n = 0, 1, 2, 3 and l = 9. The
broken lines indicate the energy (n + 1

2 )}ωc.

ing intersections with negative slope gradually spread
as the magnetic field increases up to BSf/Φ0 = 52 as
shown in Fig. 4a, because the sign of dE/d(BSf/Φ0)
changes to positive again in a higher magnetic field,
which is caused by the characteristics of the eigen-
value curve being asymptotic to the line 1

2}ωc. This

also leads to a high density of the eigenvalue curves
in the vicinity of the crossing point between EF and
1
2}ωc. As a result, many conductance peaks appear
near B̃f in the magnetoconductance curve. The reason
for the emergence of the conductance peaks instead of
the dips will be discussed below.

As described so far, it is assumed that there are
three types of local electronic states constructed in-
side and outside the ring-shaped barrier. However, the
local electronic state such as that shown in Fig. 2a
appears when the eigenvalue is maximum (at the top
of the hump) in Fig. 4a, so that this type only ap-
pears around B̃ = 0.033. Hence, in a high magnetic
field, the remaining two types appear. The orbit corre-
sponding to the state inside the ring barrier gradually
shrinks, while that outside the ring gradually spreads;
l increases in a high magnetic field. In a high mag-
netic field, the spread of the outer orbit brings about
an increase of the width of each conductance dip, and
consequently, a suppression of the conductance value
to less than 10−3 near B̃f. Thus, when the Fermi en-
ergy coincides with the level corresponding to the in-
ner orbit, resonant transmission occurs as depicted in
Fig. 3b. Moreover, in a high magnetic field the center
of the classical cyclotron motion is fairly at a distance
from the edge of the ring barrier (at which the scatter-
ing of the electrons occurs), so that the outer part of
the current shows a rotation opposite to the current of
the inner part in the resonant state as shown in Fig. 2d.

Furthermore, as described before, we assume that
the AB type oscillation for the outer orbit with B̃s
is similar to that in the case of the antidot (disk)
system. To confirm this consideration, we have also
computed the dependence of the eigenvalue (l 6 41)
for a circular antidot system, and the results are shown
in Fig. 5. The potential profile is Vf = 0.5t (= 0)
for r 6 16a (> 16a). As can be seen from Fig. 5,
the period of the crossing points between EF and the
eigenvalue curves is almost the same as that between
EF and the eigenvalue curves in the left side of the
humps in Fig. 4a. Therefore, we can conclude that the
periodic conductance dips with B̃s are due to the AB
type effect for the orbit surrounding the ring-shaped
barrier.

Here, we briefly comment on the effects of the po-
tential edge structure on the eigenvalue in the two-
dimensional system. For considering a more realistic
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Fig. 5. Magnetic field dependence of the energy levels of eigen-
values for several values of the quantum number of the angular
momentum l (0 6 l 6 41) for the antidot (disk) case (see text).
The thick solid, dotted, and thin solid curves correspond to n = 0,
1, and 2, respectively. For each n, the angular momentum of the
left-side curve is l = 0, and the value of l of the right-side curve
increases by 1 for neighboring curves. The horizontal solid line
represents EF corresponding to that in Fig. 4.

system, we introduce smoothness on the potential pro-
file as follows,

Vsm(r) =
v

2

(
1− cos

(ra + a− r)
2a

π

)
,

for ra − 3a 6 r 6 ra + a,

= 0, otherwise. (6)

In Fig. 6, the calculated results are shown in the case
of v = 0.5t, EF = 0.4t, and ra = 16a. Comparing these
results with the features in Fig. 4a, we can notice that
the slope of the curve on the right side of the en-
ergy maximum becomes slightly less, which can cause
a slight increase of DB̃l in the magnetoconductance.
However, most features of the eigenvalue curves are
almost unchanged. Thus, for such a thin ring-shaped
low barrier, it is found that the effect of the structure
of the potential edge is less significant.

Next, we shall compare magnetoconductance oscil-
lations in this system with other modified periodic fea-
tures as reported by Kirczenow [3]. He has shown a
beat-like structure of the resonant transmission in the
case where two channels open (spin unresolved) for
a single antidot system. The oscillation occurs by the

Fig. 6. Magnetic field dependence of the energy levels of the
eigenvalues for several values of the quantum number of the
angular momentum l (0 6 l 6 41) for a smooth potential edge
(see text). For each n, the angular momentum of the lowest curve
is l = 0, and the value of l of the upper curve increases by 1. The
horizontal solid line represents EF corresponding to that in Fig. 4.
The dotted line indicates the energy 1

2}ωc.

interference of two edge states and two different or-
bits traveling in the same direction around the single
antidot, the period of which reflects the area of the
region lying in the opposite currents. Although only
one channel opens in the present study, an oscillation
due to two different orbits appears. The point that is
most different is that the oscillation structure is caused
by two orbits traveling in an opposite direction in the
present calculation.

We also compare the results obtained in this study
with the previous one. In the previous study, we
showed the AB type conductance oscillation for the
system with a circular obstacle possessing a negative
potential energy in a quantum wire [11]. Then, we
found quasi-periodic oscillations in a high magnetic
field, the period of which reflects the area lying in
two different orbits appearing around the potential
edge. The structure of the current distribution with
double concentric vortices with opposite rotations for
the resonant state in the case of a negative potential
resembles that shown in Fig. 2a. The oscillation ap-
pearing in the case of a negative potential is due to
interference of the single local electronic state with
the Landau level index n = 1 and the single edge state
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(one channel opens) as shown in Ref. [11], while
in the present case, the oscillation is considered to be
due to those of the two local states with n = 0 and the
single edge state. (Of course, these two states become
one state when v→ 0.) Hence, the origins of the
interference for both systems are different, although
the current distribution at the resonant states such as
that shown in Fig. 2a resembles those of the case of
a negative potential.

In summary, we have investigated the transport phe-
nomena through a region containing a ring-shaped bar-
rier in a quantum wire. In case of a single edge chan-
nel we have found AB type conductance oscillations
for the effective area surrounding the ring, which is
superimposed upon by another AB type oscillation
for that of the inner orbit. The current distributions
for the magnetic fields where resonant reflection and
transmission occur show the conspicuous character-
istics of double concentric vortices with opposite ro-
tations. These current distributions and the magneto-
conductance features are well explained on the basis
of the magnetic field dependence of the eigenvalue in
the two-dimensional system.
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